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Abstract

This paper analyzesthe relative advantages between crossover and mutation on a classof
deterministic and stochastic additiv ely separableproblems. This study assumesthat the recom-
bination and mutation operators have the knowledgeof the building blocks (BBs) and e®ectively
exchangeor search among competing BBs. Facetwise models of convergencetime and popula-
tion sizing have been used to determine the scalability of each algorithm. The analysis shows
that for additiv ely separabledeterministic problems, the BB-wise mutation is more e±cient
than crossover, while the crossover outperforms the mutation on additiv ely separableproblems
perturb ed with additiv e Gaussiannoise. The results show that the speed-upof using BB-wise
mutation on deterministic problems is O(

p
k logm), where k is the BB size,and m is the num-

ber of BBs. Likewise, the speed-up of using crossover on stochastic problems with ¯xed noise
variance is O(m

p
k=logm).

1 In tro duction

Great debate between crossover and mutation has consumedmuch ink and many trees over the
years. When mutation works it is lightening quick and uses small or non-extent populations.
Crossover when it works, seemsto be able to tackle more complex problems, but getting the
population sizeand other parametersset is a challenge. Comparisonsbetweenthe two are usually
written by a researcher with an axe to grind. Comparisons are usually empirical, the basis for
comparison is implicitly or explicitly unfair, and theory is non-existent. Wouldn't it be nice to
compareour two favorite genetic operators on a fair basis in an interesting classof problems and
let them slug it out head to head.

That's what we do here. Assuming that both the recombination and mutation operators possess
linkage(or neighborhood) knowledge,we pit them against each other for solving boundedly di±cult
additiv ely separableproblems with and without the presenceof additiv e exogenousnoise. We
use a recombination operator that exchangesbuilding blocks (BBs) without disrupting them and
a mutation operator that performs local search among competing building-block neighborhood.
The motivation for this study also comesfrom recent local-search literature, where authors have
highlighted the importance of using a good neighborhood operator (Barnes, Dimova, & Dokov, 2003;
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Watson, 2003). However, a systematic method of designing a good neighborhood operator for a
classof search problems is still an open question. We investigate whether using a neighborhood
operator that searchesamong competing BBs of a problem would be advantageousand if so under
what circumstances.

This paper is organized as follows. The next section gives a brief review of related literature.
We provide an outline of the crossover-based and mutation-based genetic algorithms (GAs) in
Section 3. Facetwise models are developed to determine the scalability of the crossover and the
BB-wise mutation-based GAs for deterministic ¯tness functions in Section 4 and for noisy ¯tness
functions in Section 5. Finally, we discussfuture research directions followed by conclusions.

2 Literature Review

Over the last few decadesmany researchershave empirically and theoretically studied wheregenetic
algorithms excel. An exhaustive literature review is out of the scope of this paper, and therefore
we present a brief review of related theoretical studies.

Several authors have analyzedthe scalability of a mutation basedhillclim ber and comparedit to
scalability of di®erent forms of genetic algorithms, such as breedergenetic algorithm (M Äuhlenbein,
1991; MÄuhlenbein, 1992), an ideal genetic algorithm (Mitc hell, Holland, & Forrest, 1994), and a
genetic algorithm with culling (Baum, Boneh, & Garrett, 2001). Goldberg (Goldberg, 1999) gave
a theoretical analysis of deciding between a single run with a large population GA and multiple
runs with several small population GAs, under the constraint of ¯xed computational cost. He
showed that for uniformly-scaled problems a single run of large population GA was advantageous,
while for exponentially-scaled problems small population GAs with multiple restarts were better.
Srivastava and Goldberg (Srivastava & Goldberg, 2001; Srivastava, 2002) empirically veri¯ed and
analytically enhancedthe time-continuation theory put forth by Goldberg (Goldberg, 1999). Re-
cently , Cant¶u-Paz and Goldberg (Cant¶u-Paz & Goldberg, 2003) investigatedscenariosunder which
multiple runs of a GA are better than a single GA run. For an exhaustive review of studies on the
advantages/disadvantagesof multiple populations both under serial and parallel GAs over a single
large-population GA, the reader is referred elsewhere(Cant¶u-Paz, 2000; Srivastava, 2002; Luke,
2001;Fuchs, 1999) and to the referencestherein.

While many of the related studies (Goldberg, 1999;Srivastava & Goldberg, 2001;Cant¶u-Paz &
Goldberg, 2003)assumed̄ xed geneticoperators, with no knowledgeof building-block structure, in
this paper, we assumethat the recombination and mutation operators have linkage (or neighbor-
hood) knowledge. While the linkageinformation is usually unknown for a given search problem, a
variety of linkageidenti¯cation methods can be usedto designthe operators (seeGoldberg (Gold-
berg, 2002), Sastry and Goldberg (Sastry & Goldberg, 2004), and referencestherein).

3 Preliminaries

The objective of this paper is to predict the relative computational costsof a crossover and an ideal-
mutation basedalgorithm for additiv ely separableproblems with and without additiv e Gaussian
noise. Before developing models for estimating the computational costs, we brie°y describe the
algorithms and the assumptionsusedin the paper.
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3.1 Selectorecom binativ e Genetic Algorithms

We consider a generationwise selectorecombinativ e GA with non-overlapping populations of ¯xed
size(Holland, 1975;Goldberg, 1989). We apply crossover with a probabilit y of 1.0 and do not use
any mutation. We assumebinary strings of ¯xed length asthe chromosomes.To easethe analytical
burden, the selectionmechanism assumedthroughout the analysis is binary tournament selection
(Goldberg, Korb, & Deb, 1989). However, the results can be extended to other tournament sizes
and other selectionmethods in a straightforward manner. The recombination method used in the
analysis is a uniform building-block-wise crossover (Thierens & Goldberg, 1994). In uniform BB-
wise crossover, two parents are randomly selectedfrom the mating pool and their building blocks
in each partition are exchangedwith a probabilit y of 0.5. Therefore, noneof the building blocks are
disrupted during a recombination event. The o®springcreated through crossover entirely replace
the parental individuals.

3.2 Building-Blo ck-Wise Mutation Algorithm (BBMA)

In this paper we consider an enumerative BB-wise mutation operator, in which we start with a
random individual and evaluate all possibleschemasin a given partition. That is, for a building-
block of sizek, we evaluate all 2k individuals. The best out of 2k individuals is chosenasa candidate
for mutating BBs of other partitions. In other words, the BBs in di®erent partitions are mutated
in a sequential manner. For a problem with m BBs of sizek each, the BBMA can be described as
follows:

1. Start with a random individual and evaluate it.

2. Consider the ¯rst non-mutated BB. Here the BB order is chosenarbitrarily from left-to-righ t,
however, di®erent schemescan be|or may required to be|c hosento decidethe order of BBs.

3. Create 2k ¡ 1 unique individuals with all possibleschemata in the chosenBB partition. Note
that the schemata in other partitions are the sameas the original individual (from step 2).

4. Evaluate all 2k ¡ 1 individuals and retain the best for mutation of BBs in other partitions.

5. Repeat steps2{4 till BBs of all the partitions have beenmutated.

We usean enumerative BB-wise mutation for simplifying the analysisand a greedyBB-wise method
can improve the performanceof the mutation-based algorithm. A straightforward Markov process
analysis|along the lines of (M Äuhlenbein, 1991;MÄuhlenbein, 1992)|of a greedyBB-wise mutation
algorithm indeed shows that the greedy method is on an average better than the enumerative
one. However, the analysis also shows that di®erencesbetween the greedy and enumerative BB-
wise mutation approaches are little, especially for moderate-to-large problems. Moreover, the
computational costs of an enumerative BB-wise mutation bounds the costs of a greedy BB-wise
mutation.

4 Crossover vs. Mutation: Deterministic Fitness Functions

In this sectionwe analyzethe relative computational costsof using a selectorecombinativ e GA or a
BB-wise mutation algorithm for successfullysolving deterministic problems of bounded di±cult y.
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The objective of the analysis is to answer whether a population-basedselectorecombinativ e GA is
computationally advantageousover a BB-wise-mutation basedalgorithm. If onealgorithm is better
than the other, we are also interested in estimating the savings in computational time. Note that
unlike earlier studies, we assumethat the building-block structure is known to both the crossover
and mutation operators.

We begin our analysis with the scalability of selectorecombinativ e genetic algorithms followed
by the scalability of the BB-wise mutation algorithm.

4.1 Scalabilit y of Selectorecom binativ e GA

Two key factors for predicting the scalability and estimating the computational costsof a genetic
algorithm are the convergencetime and population sizing. Therefore, in the following subsections
we present facetwise models of convergencetime and population sizing.

4.1.1 Population-Sizing Mo del

Goldberg, Deb, & Clark (Goldberg, Deb, & Clark, 1992) proposed population-sizing models for
correctly deciding betweencompeting BBs. They incorporated noisearising from other partitions
into their model. However, they assumedthat if wrong BBs werechosenin the ¯rst generation, the
GAs would be unable to recover from the error. Harik, Cant¶u-Paz, Goldberg, and Miller (Harik,
Cant¶u-Paz, Goldberg, & Miller, 1999) re¯ned the above model by incorporating cumulativ e e®ects
of decisionmaking over time rather than in ¯rst generation only. Harik et al. (Harik, Cant¶u-Paz,
Goldberg, & Miller, 1999)modeledthe decisionmaking betweencompeting BBs asa gambler's ruin
problem. Here we usean approximate form of the gambler's ruin population-sizing model (Harik,
Cant¶u-Paz, Goldberg, & Miller, 1999):

n =
p

¼
2

¾B B

d
2kp

m logm; (1)

where k is the BB size, m is the number of BBs, d is the sizesignal between the competing BBs,
and ¾B B is the ¯tness variance of a building block. building blocks. The above equation assumes
a failure probabilit y, ® = 1=m.

4.1.2 Con vergence-Time Mo del

MÄuhlenbein and Schlierkamp-Voosen(M Äuhlenbein & Schlierkamp-Voosen,1993)deriveda convergence-
time model for the breeder GA using the notion of selection intensity (Bulmer, 1985) from pop-
ulation genetics. Thierens and Goldberg (Thierens & Goldberg, 1994) derived convergence-time
models for di®erent selectionsschemesincluding binary tournament selection. BÄack (BÄack, 1994)
derived estimates of selection intensity for s-wise tournament and (¹; ¸ ) selection. Miller and
Goldberg (Miller & Goldberg, 1995) developed convergence-timemodels for s-wise tournament
selectionand incorporated the e®ectsof external noise. BÄack (BÄack, 1995) developed convergence-
time modelsfor (¹; ¸ ) selection. Even though the selection-intensity-basedconvergence-timemodels
were developed for the OneMax problem, Miller and Goldberg (Miller, 1997) observed that they
are generally applicable to additiv ely decomposableproblems of bounded order. Here, we use the
convergence-timemodel of Miller and Goldberg (Miller & Goldberg, 1995):

tc =
¼
2I

p
`; (2)
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whereI is the selectionintensity, and ` = mk is the string length. For binary tournament selection,
I = 1=

p
¼.

Using equations1 and 2, we can now predict the scalability, or the number of function evalua-
tions required for successfulconvergence,of GAs as follows:

nfe;GA = n ¢tc =
¼2

4
¾B B

d

p
k logm ¢2k ¢m: (3)

4.2 Scalabilit y of BB-wise Mutation Algorithm

Since the initial point is evaluated once and after that for each of the m BBs, 2k ¡ 1 individuals
are evaluated, the total number of function evaluations required for the BBMA is

nfe;BBMA =
³
2k ¡ 1

´
m + 1: (4)

The results from the above subsections(Equations 3 and 4) indicate that while the scalability
of a selectorecombinativ e GA is O

³
2km logm

´
, the scalability of the BBMA is O

³
2km

´
. This is in

contrast to a random-walk mutation algorithm with no BB knowledgewhich scalesasO
³
mk logm

´

(M Äuhlenbein, 1992). By searching among building-block neighborhoods, the selectomutativ e algo-
rithm scales-upsigni¯cantly better than a mutation operator with no linkage information and
provides a savings of O(

p
k logm) evaluations over the GA. The savings comesfrom the extra

evaluation required for the convergenceand decision-makingin the selectorecombinativ e GAs.
The speed-up|whic h is de¯ned as the ratio of number of function evaluations required by a

GA to that required by BBMA|obtained by using a BB-wise mutation algorithm over a selectore-
combinativ e GA is given by

´ =
nfe;GA

nfe;BBMA
= O

³ p
k logm

´
: (5)

In particular, the speed-upfor the OneMax problem (k = 1) is given by

´ OneMax =
¼2

4 m logm
m + 1

¼
¼2

4
logm; (6)

and for the GA-hard m k-Trap function (Goldberg, 1987), the speed-upis given by

´ Trap =
¼2

4
¾B B

d

p
k2km logm

(2k ¡ 1)m + 1
¼

¼2

4
¾B B

d

p
k logm: (7)

The speed-uppredicted by Equations 6 and 7 are veri¯ed with empirical results in Figures 1(a)
and 1(b), respectively. The results are averagedover 900 independent runs. The results show that
there is a good agreement between the predicted and observed speed-up. The results show that
for deterministic additiv ely separableproblems, a BB-wise mutation algorithm is about O(

p
km)

times faster than a selectorecombinativ e genetic algorithm.

5 Crossover vs. Mutation: Noisy Fitness Functions

In the previous section, we observed that BB-wise mutation scales-upbetter than a crossover
on deterministic additiv ely separable problems. Furthermore, a selectomutativ e algorithm was
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Figure 1: Empirical veri¯cation of the speed-uppredicted for using BB-wise mutation over a selec-
torecombinativ e GA by Equations 6 and 7. The empirical results are averagedover 900independent
runs. The results show that the speed-up obtained by BB-wise mutation algorithm over a GA is
O(
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able to overcome deception, one of the key factors in°uencing problem di±cult y, using linkage
(neighborhood) information and enumeration within the neighborhood. In this sectionwe intro duce
another dimension of problem di±cult y in extra-BB noise (Goldberg, 2002)and analyzeif the BB-
wisemutation maintains its edgeover crossover. That is, weanalyzewhether a selectorecombinativ e
or a selectomutativ e GA works better on additiv ely separable problems with additiv e external
Gaussiannoise.

We follow the sameapproach outlined in the previous section and consider the scalability of
crossover and mutation.

5.1 Scalabilit y of Selectorecom binativ e GAs

Again we use the convergence-timeand population-sizing models to determine the scalability of
GAs under the presenceof unbiasedGaussiannoise. We usean approximate form of the gambler's
ruin population-sizing model for noisy environments:

n =
p

¼
2

¾B B

d
2kp

m logm

vu
u
t

Ã

1 +
¾2

N

¾2
f

!

; (8)

where ¾2
N is the variance of the noise,and ¾2

f is the ¯tness variance.
We usean approximate form of Miller and Goldberg's (Miller & Goldberg, 1995) convergence-

time model:

tc =
¼
2I

p
m

vu
u
t 1 +

¾2
N

¾2
f

: (9)

A detailed derivation of the above equation and other approximations are given elsewhere(Gold-
berg, 2002;Sastry, 2001).

The population-sizing and convergence-timemodels indicate that the exogenousnoiseincreases
the population size and elongatesthe convergencetime. Using equations 1 and 2, we can now
predict the scalability, or the number of function evaluations required for successfulconvergence,
of GAs as follows:

nfe;GA =
¼2

4
¾B B

d

p
k logm ¢

Ã

1 +
¾2

N

¾2
f

!

¢2k ¢m: (10)

5.2 Scalabilit y of BB-wise Mutation Algorithm

Unlike the deterministic casewhere a BB was perturb ed and evaluated once, in the presenceof
exogenousnoisewe cannot rely on only a singleevaluation. In other words, in the presenceof noise,
an averageof multiple samplesof the ¯tness should be usedin deciding betweencompeting building
blocks. Now the question remains as to exactly how many sampleshave to be considered. This
issueof exact samplesof ¯tness required to correctly decidebetweencompeting building blocks in
the presenceof noisehas beenaddressedelsewhere(Goldberg, Deb, & Clark, 1992):

ns = 2c¾2
N ; (11)

wherens is the number of independent ¯tness samples,and c is the squareof the ordinate of a one-
sided standard Gaussiandeviate at a speci¯ed error probabilit y ®. For low error values, c can be
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correctly decide between competing building blocks as predicted by Equation 11 with empirical
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obtained by the usual approximation for the tail of a Gaussiandistribution: ® ¼ exp(¡ c=2)=(
p

2c).
In this paper we have used ® = 1=m. Equation 11 is empirically veri¯ed for the Noisy-OneMax
problem in Figure 2. The results show a good agreement betweenthe model and experiments.

Since the initial point is evaluated ns times and after that for each of the m BBs, 2k ¡ 1
individuals are evaluated ns times, the total number of function evaluations required for the BBMA
for noisy ¯tness functions is given by

nfe;BBMA = ns

h³
2k ¡ 1

´
m + 1

i
;

=

Ã

2c
¾2

N

¾2
f

¢m¾B B

!
h³

2k ¡ 1
´

m + 1
i

: (12)

The results from the above subsections(Equations 10 and 12) indicate that under the presence
of exogenousnoise,a selectorecombinativ e GA scalesas O

³
2km logm(1 + ¾2

N =¾2
f )

´
. On the other

hand, the BB-wise mutation scalesasO
³
2km2(¾2

N =¾2
f )

´
. Therefore, for constant valuesof ¾2

N =¾2
f , a

selectorecombinativ e GA is O(
p

km=logm) times faster than the BB-wise mutation. By implicitly
averaging out the exogenousnoise, crossover is able to overcomethe extra e®ort neededfor the
convergenceand decision-making. On the other hand the explicit averaging via multiple ¯tness
samplesby the BB-wise mutation leadsto an order of magnitude increasein the number of function
evaluations.

The speed-up|whic h is de¯ned as the ratio of number of function evaluations required by mu-
tation to that required by crossover|obtained by using a selectorecombinativ e over selectomutativ e
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GA is given by

´ Noise =
nfe;BBMA

nfe;GA
= O

2

6
4

p
k

m
logm

0

B
@

¾2
N

¾2
f

1 + ¾2
N

¾2
f

1

C
A

3

7
5 : (13)

In particular, the speed-upfor the OneMax problem (k = 1) is given by

´ Noisy OneMax =
4c
¼2

m
logm

0

B
@

¾2
N

¾2
f

1 + ¾2
N

¾2
f

1

C
A : (14)

The speed-uppredicted by Equation 14 is veri¯ed with empirical results in Figure 3. The results
are averagedover 900 independent runs. The results show that there is a good agreement between
the predicted and observed speed-up. The results show that for stochastic additiv ely separable
problems with constant noisevariance, a selectorecombinativ e GA is about O(

p
km=logm) times

faster than the BB-wise mutation algorithm.

6 Future Work

The results of this paper indicate that there are signi¯cant advantagesof using a mutation operator
that performs hillclim bing in the BB spaceand indicates many avenuesof future research someof
which are listed in the following:

9



Hybridization of crossover and BB-wise mutation: While this paper consider a bounding
caseof crossover vs. mutation, it might be (more likely it is) more e®ective to usean e±cient
hybrid of crossover and mutation.

Designing BB-wise Mutation: In this paper we assumedthat the BB information was known,
which generally is not the case.Over the last few years,e®ective recombination operators that
adapt linkage have been developed in a systematic manner (Goldberg, 2002). On the other
hand, most mutation operators, including adaptive ones,search in the local neighborhood of
a solution. Furthermore, there has been growing evidenceof the importance of using good
neighborhood operators in determining the e®ectivenessof local-search methods (Barnes, Di-
mova, & Dokov, 2003;Watson, 2003). Despite the importance of having good neighborhood
information, a generalmethodology for designingoperators with good neighborhood informa-
tion is non-existent. That is, little attention has beenpaid to systematically designe®ective
mutation operators that performslocal search in the building-block space(Sastry & Goldberg,
2004). The results of this paper indicate that the dividends obtained by designing BB-wise
mutation operators that adaptively identify and utilize good neighborhood information can
be signi¯cant.

Problems with overlapping building blo cks: While this paper consideredproblemswith non-
overlapping building blocks, many problemshave di®erent building blocks that sharecommon
components. An analysis similar to the one presented in this paper can be performed to
predict which of the two algorithms excel. However, since the e®ectof overlapping variable
interactions is similar to that of exogenousnoise (Goldberg, 2002), basedon the results of
this paper crossover is likely to be more useful than the mutation for solving problems with
overlapping building blocks.

Hierarc hical problems: One of the important classof nearly decomposableproblems is hierar-
chical problems, in which the building-block interactions are present at more than a single
level. Further investigation is necessaryto analyze if BB-wise mutation can help speed-up
the scalability of selectorecombinativ e GAs.

7 Summary & Conclusions

In this paper, we have intro duceda building-block-wisemutation operator which e±ciently searches
among the competing building block (BB) neighborhood. We also compared the computational
costs BB-wise mutation algorithm with a selectorecombinativ e genetic algorithm for both deter-
ministic and stochastic additiv ely separableproblems. Our results show that while the BB-wise
mutation provides signi¯cant advantage over crossover for deterministic problems, crossover main-
tains signi¯cant edgeover the BB-wise mutation on stochastic problems. The results show that the
speed-upof using BB-wise mutation on deterministic problems is O(

p
k logm), where k is the BB

size,and m is the number of BBs. Likewise,the speed-upof using crossover on stochastic problems
with ¯xed noisevariance is O(m

p
k=logm).
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