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Abstract

This paper proposesan online population size adjustment scheme for genetic algorithms.
It utilizes linkage-malel-building techniques to calculate the parameters used in facetwise
population-sizing models. The methodology is demonstrated using the dependency structure
matrix genetic algorithm on a set of boundedly-di cult problems. Empirical results indicate
that the proposedmethod is both e cien t and robust. If the initial population sizeis too large,
the proposedmethod automatically decreaseshe population size,and thereby yields signi cant
savings in the number of function evaluations required to obtain high-quality solutions; if the
initial population sizeis too small, the proposedschemeincreasesthe population sizeon-the-y
and thereby avoiding premature convergence.

1 Intro duction

One of the challengesfaced by genetic and ewvolutionary algorithm (GEA) usersis making appro-
priate choicesof codings, operators, and parameter values. Se\eral linkage-learningmethods have
since been deweloped to relieve GEA practitioners from having to develop problem-speci ¢ oper-
ators and encalings (Goldberg, 1999a). These linkage-learningmethods automatically identify
key sub-structures of the underlying seart problem and solve them quickly, reliably, and accu-
rately. Additionally , facetwise models have beendeweloped to estimate the genetic-algorithm (GA)
parameter values such as population size,run duration, crosswer and mutation probabilities, and
selection pressure(Goldberg, 2002). Subsequetly, the results of the facetwise models have been
usedin parameterlessGEAs have beendeweloped (Harik & Lobo, 1999;Lobo, 2000;Pelikan & Lin,
2004) to alleviate the guesswork out of parameter settings.

However, the parameterlessGEAs do not completely usethe population-sizing models and are
restricted to having multiple populations with exponertial increasingpopulation sizes.While some
of the factors in the population-sizing models are not known apriori, they can be estimated on-the-
y with linkage-learningGEAs in a straightforward manner. Therefore, the purposeof this paper
is to develop an on-line population-sizing estimate which automatically identi es valuesof key com-
ponerts of the population-sizing model. We demonstrate the e ectiv enessof the proposedmethod
using designstructure matrix GA (Yu, Goldberg, Yassine,& Chen, 2003)|a linkage-learningGEA
that is inspired by organization theory|lon a classof boundedly di cult test problems. We demon-
strate that the proposedmethod is not only robust, but alsoe cien t in terms of number of function
evaluations required to obtain high quality solutions.

This paper is organized as follows. Section 2 revisits somerelated work concerning adjusting
population sizeon-the-y. Then we give badkground for seweral facetwise population-sizing models



in Section 3. A brief introduction of dependency structure matrix genetic algorithm (DSMGA)

is given in Section 4. The population size neededfor DSMGA is empirically veried with the
population-sizing model for linkage learning. Section 5 describes the propose method in detail,

including how to calculate parameters neededby population-sizing models, and how to generate
individuals for the next generationto maintain both e ciency and robustness. Section 6 proposes
a schemeto improve the robustnesswhen the GA starts from a small population. Finally, section7
concludesthis paper.

2 Related Work

Sincethe inception of GAs, numerousstudieshave beenconductedon on-line and o -line parameter
settings. A detailed survey of which is beyond the scope of this study and and the interested reader
is referred elsewhere(Harik & Lobo, 1999; Lobo, 2000). Since we proposean on-line population
resizing medanismsfor linkage-learningGEAs in this paper, we will briey review related work on
adaptive resizing of population sizesin the remainder of this section.

One of the early e ort on resizing the population during the GA run can be badtracked to
Smith (1993) and Smith and Smuda (1995). They dynamically resizedthe population to match a
target selectionlossL;. They calculated the estimated selectionloss(C for each mating pair. By
adopting a sigmoid function, the fraction I_L is usedto conduct a growth factor, which is then used
to adjust the population size. One of the Weaknessof the methodology proposedby Smith (1993)
and Smith and Smuda (1995) is that usersneedto determine three parameter values: the target
selectionloss, and two parameters( and ) in the sigmoid function usedto compute the growth
factor.

Harik and Lobo (1999) proposeda parameter-lessGA, which is composedof two parts: elimi-
nating selection pressureand crosswer rate, and eliminating population size. The parameter-less
GA eliminates population sizeby simulating a set of populations of di erent sizes;starting with a
population of basesize,the subsequeh populations are twice the sizeof the previousone. Then, the
GA operators are applied to ead population in a special sequence.For every two GA generations
for a populations of a particular size,a single GA generationis performed on a population of twice
the size. Therefore, the number of function evaluations performed on ead population are roughly
the same. The parameter-lessGA terminates a population when no improvemernt is expected from
that population. The parameter-lessGA stops when no improvemert is expected from the larger
populations aswell. Supposethat a regular GA with an optimal population-size setting needsn; .
number of function evaluations for a particular problem. It is shovn that the parameter-lessGA
usesno more than O(n; .log(n;.)) (Pelikan & Lobo, 1999) number of function evaluations.

The parameter-lessGA technique has been applied not only to simple GAs (Harik & Lobo,
1999), but alsoto linkage-learningGAs sudh as the extended compact GA (eCGA) (Lobo, 2000),
and the hierarchical Bayesianoptimization algorithm (hBOA) (Pelikan & Lin, 2004).

The method usedin this paper to estimate the tness variance of building blocks is similar to
that in Smith (1993) and Smith and Smuda (1995) but no more parameter needed. Also, with
the power of the linkage model, empirical results shaw that the population size estimation is more
accurate, and the GA consumesroughly the samenumber of function evaluation with the GA with
optimal population sizesetting. The method will be detailed in Section 5.



3 Population-Sizing Mo dels

Facetwise and dimensional models have beenvery e ectiv e not only in the design of genetic algo-
rithms, but alsoin understanding GA dynamics and mechanisms. Since our methodology depends
on the facetwise models of population sizing, we briey outline the models dictated by building
block supply, decisionmaking, and accurate linkagelearning in the remainder of this section.

3.1 Building-Blo ck Supply Mo del

The rst step towards understanding population sizing is to tackle the issue of building-blo ck
(BB) supply, where the minimum population size required to ensurethe presenceof at least on
copy of all raw schemata is modeled. Holland (1975) estimated the number of BBs that receivwe
at least a speci ed number of trials using Poissondistribution. A later study (Goldberg, 1989)
calculated the samequartit y more exactly using binomial distribution and studied their e ects on
population sizing in serial and parallel computation. Reewes (1993) proposeda population sizing
model for supply of alphabetswith xed cardinality. Recernly, Goldberg, Sastry, and Latoza (2001)
developed facetwise models for ensuring BB supply in the initial population for genetic algorithms.
They considereda population of xed-length strings consisting alphabets of arbitrary cardinality
Goldberg et al predicted that the population sizerequired to ensurethe presenceof all competing
building blocks with a toleranceof = 1=m is given by

n= K(klog + logm); 1)

where s the alphabet cardinality, k is BB size,and m is the number of BBs.

3.2 Gambler's Ruin Population-Sizing Mo del

Goldberg, Deb, and Clark (1992) proposedpopulation-sizing modelsfor correctly deciding between
competing BBs. They incorporated noise arising from other partitions into their model. However,
they assumedthat if wrong BBs were chosenin the rst generation, the GAs would be unable to
recover from the error. Harik, Cantu-Paz, Goldberg, and Miller (1999) re ned the above model
by incorporating cumulative e ects of decision making over time rather than in rst generation
only. Harik et al. (1999) modeled the decisionmaking betweenthe best and secondbest BBs in a
partition asa gambler's ruin problem. Here we use an approximate form of the population-sizing
model proposedby Harik et al. (1999):

P- BB kP

n= ——"2"mlogm; 2

> 4 gm; 2
wherek is the BB size, m is the number of BBs, d is the size signal betweenthe competing BBs,
and gpg isthe tness variance of a building block. building blocks. The above equation assumes
a failure probability, = 1=m.

3.3 Mo del-Building+Decision =~ Making Population Sizing

Facetwise modesfor incorporating the e ects of model building and BB-wise decisionmaking on the
population sizehave beenanalyzedfor estimation of distribution algorithms (EDAS) in general,and
Bayesian optimization algorithm and extended compact genetic algorithm in particular (Pelikan,
Goldberg, & Cantu-Paz, 2000; Pelikan, Sastry, & Goldberg, 2003; Sastry & Goldberg, 2000; Sastry
& Goldberg, 2004). The population-sizing model which incorporates the e ect of model-building



and its accuracy on the population sizing of the GA, and predicts the population size required to

solve a problem with m building blocks of sizek with a failure rate of = 1=m, is given by
2
n=c, 2¢ % m logm; (3)

where n is the population size, ¢, is a problem-dependent constart, k is the BB length, is the
probability of failure.

4 An Intro duction to DSMGA

This sectiongivesa brief intro duction to the DSMGA. Readerswho areinterestedin DSM clustering
are referredto Yu, Yassine,and Goldberg (2003). For more details about DSMGA, pleaserefer to
Yu, Goldberg, Yassine,and Chen (2003).

41 DSM and DSM Clustering

A DSM is a matrix where eat ertry dj represens the dependency between node i and node
j (Steward, 1981;Yassine,Falkerburg, & Chelst, 1999). Entries dj canbereal numbersor integers.
The larger the d; is, the higher the dependencyis betweennode i and nodej. The diagonal entries
(dii ) have no signi cance and are usually setto zero or blacked-out. Figure 1 givesan example of
DSM.

BCDEF GH
x| X X

ITOTMOOW>

Figure 1. A DSM. \x" meansthat dependency exists; the blank squaresmeansno dependency
This gure illustrates, for example,that A and B areindependert, and that A and C are dependert.
Clustering is not so obviously at the rst glance.

The goal of DSM clustering is to nd subsetsof DSM elemeris (i.e., clusters) so that nodes
within a cluster are maximally dependert and clustersare minimally interacting. DSM clustering is
a sophisticated task which requires expertise (Sharman, Yassine,& Carlile, 2002). For example, it
is not intuitiv e how to cluster the DSM in Figure 1. However, after we reorder the nodes(Figure 2),
it is easily seenthat the DSM can be cleanly clusteredinto three parts: B, D, Gg, fA, C, E, Hg,
and f Fg.

Yu, Yassine,and Goldberg (2003) proposedthe following objective function by using the mini-
mal description length principle.

1:DSM (M ) = (nCIOg(nC) + IOg(nn) :’1:91 Cli) (4)
+ (jSj(2log(nn) + 1)) ;

wheref measuresthe description length that a model M needsto describe a given D SM ; n¢ is the
number of clustersin M ; n, is the number of nodes of the DSM; cl; is the size of the i-th cluster
in M ; S is the set of mis-descriked data of M . The above objective function has shown capableto
cluster a given DSM, and the clustering results competeswith human experts.

4
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Figure 2: The sameDSM in Figure 1 but after reordered. The DSM can be cleanly clustered as
((B,D,G)(A,C,E,H),(F)).

4.2 Utilizing DSM Clustering to Identify BBs: The DSMGA

The DSM clustering algorithm can be thought as an linkage-ideri cation algorithm which turns
pair-wise linkage information into high-order linkage information, and DSMGA (Yu, Goldberg,
Yassine,& Chen, 2003) is motivated basedon this thought.

DSMGA utilizes statistical analysis to estimate the tness of order-2 schemata. Based on
a nonlinearity-detection method similar to LINC (Munetomo & Goldberg, 1999), a DSM where
eat entry dj represerts the linkage betweengenei and genej is created. By applying the DSM
clustering algorithm, the pair-wise linkageinformation is turned into BB information, which is then
utilized to achieve the BB-wise crosswer (Thierens & Goldberg, 1994). The DSMGA has showvn
capableto correctly identify BBs and e cien tly solve problemswith uniformly-scaled BBs.

4.3 Population Sizing for DSMGA

Unlike EDAs, the linkage model in DSMGA is not exactly a probability density function. Never-
theless,empirical nding shows that the population-sizing model (Equation 3) for EDAs predicts
well the population size neededby DSMGA (Figure 3). The test function is an m-k trap (Deb &
Goldberg, 1993), wherem = 10 and k = 3. The 3-bit trap function is de ned asfollows:
8
3 0:8;
traps(u) = 0:4;
2 0:0;

" 1:.0;

wWwN PO

(5)

cC ccCccCc

where u is unitary (the number of 1's among the 3 bits). By taking average, the constart cy
is empirically found to be roughly 1.2 for this 10-3trap. This test function is also used for the
experiments in later sections.

5 Metho dology

This sectiondescribeshow to calculate parametersneededin population-sizing models and how to
generateindividuals for the next generationsothat both e ciency and robustnessare maintained.

5.1 Population Size Estimation: Calculating Parameters in Population-Sizing
Mo dels

The BB information given by DSMGA tells us explicitly which genesform a BB. Therefore, calcu-

lating the number of BBs (m) and the sizeof BBs (k) is straightforward given the DSM clustering
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Figure 3: The population-sizing model for EDAs predicts well the population size needed by
DSMGA.

arrangemen in DSMGA. For example, supposethat DSMGA tells us that BB; = fxy;x49 and
BB, = fXy;X3;Xs5g (Where x's are genes),we know that k; = 2, k, = 3, and m = 2. For problems
with the same size of BBs, we can simply take the average and then the estimated parameters
would bek = 2.5 and rh = 2.

The calculations of the tness variance of BBs ( gg) and the signal size between competing
BBs (d) are not any more di cult. First, de ne Hgg asthe schemata (Holland, 1975)which have
allele values (0 or 1) for those genesin that BB and wild cards (*) for any other positions; i is
just an enumerated number. In the previous example,BB1 = fX2; X409, we have Hgg,;1 = 0 O,
Hgg,2= 0 1 ,Hgg;3= 1 0,Hgg,;:a= 1 1. Notethat there are 2k such schemata for a
BB of sizek. Dene f (H) asthe tness value for schemaH. We can then express gg and d as
follows:

&g = vari[f (Hes;)]; (6)
d= max;[f (Hgg:)] secondmax;[f (Hgg:i)l; @)

where var is the variance function, and here we assumea maximization problem. The tness
of a schema can be estimated from the current population P by examining ead individual X;:
f\(H) = mean;x 21 [f (Xi)], where mean is the arithmetic averaging function.

5.2 Population Size Adjustmen t: First Attempt and Empirical Results

After estimating the population size for the next generation, the most straightforward way to
generationthe next population is to simply apply GA operators to generateo spring of the desired
size.

We test the proposedmethod on a m-k deceptive trap problem, wherem = 10and k = 3. We
comparethe performanceof a DSMGA with on-line population-size adjustmentADJ and a DSMGA
with xed population sizes(FIX). In particular, we focus on the e ciency and robustnessof eah
of the two GA methodologies. By e ciency we meanthe number of function evaluations that the
GAs needto convergeto a solution of prede ned quality. By robustnesswe mean that the rate
that the GAs fail to corverge. The termination condition is that on average(m 1)=m = 90%



percen of BBs corvergecorrectly. The failure rate usedin the population size estimation is setto
1=m = 10%. All results are averagedover 30 independert runs.

Figure 4 shows the number of function evaluations that the GAs needto corverge solutions
with 90% correct BBs by varying the initial population size(ng). Given the empirical nding that
cn ' 0:24 for DSMGA on this test function and the failure rate 0.1, the population size neededby
FIX is roughly 137. As shawn in Figure 4, FIX consumesthe least number of function evaluation
(nte) when the initial population size ng is set closeto n = 137 (we do not count the casefor
ne = 100, since FIX doesnot usually corverge for that xed population size). If the population
sizein FIX is lessthan the required size (even 30%]less),the GA convergesto a local optimum and
therefore doesnot yield high quality solutions. On the other hand, if the population sizeis greater
than the required size,the number of function evaluations grows linearly with the initial population
sizeng, thereby wasting signi cant amount of computation resourcesunnecessarily In contrast to
FIX, ADJ is able to properly shrink the population sizeif ng is large, and henceconsumesroughly
a constart number of function evaluations when ng is slight larger than n .

We can estimate the trend of the behavior for these two algorithms. Let n;, be the number
of function evaluations neededfor FIX whenng = n . Empirically, n;, ' 2700. Following the
facetwise modeling approac (Goldberg, 2002), we assumethe running duration is nearly indepen-
dent of the population size. For ng = 600, we can compute that the number of generationsthat FIX
runs before corvergenceg' 14:8. Therefore, we can estimate the number of function evaluations
needfor FIX for a xed population sizeng is roughly (the FIX-trendline in Figure 4):

Nfe FIx = 0 No: (8)

In ADJ, for a large initial population size ng, we can assumethat linkage model is quite accurate
becauseny is large. Hence, ADJ should estimate the population size accurate (closeto n ) for
the next generation. Hereafter, we then assumeADJ performs in a similar behavior of FIX at an
optimal population sizen . Therefore, we model the total number of function evaluations neededfor
ADJ is the number of function evaluations in the rst generation(ng) plus the number of function
evaluations neededfor the optimal population size setting (n; ) is roughly (the ADJ-trendline
in Figure 4):

Nfe ADJ = Nfe ¥+ No: ()]

Compare Equations 8 and 9, we can seea dramatic reduction in the number of function evalu-
ations when the on-line population size adjustment schemeis applied, especially for a large initial
population size. Now we examine the algorithms from another direction: robustnessfor small ini-
tial population size. Figure 5 shaws the rate that FIX and ADJ fail to corvergefor di erent small
ng. For small ng, FIX rarely corverges. According to the population-sizing theory, FIX doesnot
have enough BB supply and cannot decidewell when ng < n . When the initial population sizeis
very small, nop << n , both FIX and ADJ fail to yield high-quality solutions. However, when the
initial population is slightly increased(but still ng < n ), the failure rate of ADJ decreasesapidly,
while FIX consisterily fails to yield high-quality solutions. The robustnessof ADJ can be further
enhancedby ensuring su cien t BB supply and maintaining diversity, especially in the early stage
of the GA run (the method will be described in the next section). To understand the reasonfor
ADJ to fail on a very small initial population size,imagine that n = 1000,and ADJ starts from
no = 10. Evenif the linkagemodel is luckily accurate and estimatesthe the population sizefor the
next generation should be 1000, ADJ generatesthe 10000 spring chromosomesfrom only the 10
parent chromosomes.As can be anticipated, the newly generatedpopulation lacks of diversity and
ADJ corvergesprematurely.
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Figure 4: Number of function evaluations con- Figure 5: The failure rates for FIX and ADJ
sumed by DSMGAs with a xed population for dierent ng. FIX rarely corverges for
(FIX) and with the population adjustment No < n asthe population sizepredicts. ADJ is
scheme (ADJ). ADJ needsslightly more num- slightly more robust than FIX, but it still suf-
ber of function evaluations than FIX when fers from insu cien t BB supply and the lack
a near-optimal population size (n ) is used. of diversity for small n.

For large initial population size,however, ADJ
constartly outperforms FIX. For a too small
initial population size,both FIX and ADJ do
not cornverge.

6 A More Robust Scheme for Small Initial Population Size

The online population sizeadjustment schemedescribedin the previous sectionallows usersto start
with a large population which guaranteesgood solution quality without spending too many extra
function evaluations. While the on-line population adjustment schemein the previoussection(ADJ)
is signi cantly morerobust and e cien t than a GA with a xed population size,the performance|
both in terms of e ciency and robustness|can be further enhancedwhen the GA practitioner
setsthe initial population sizeto be much smaller than the required size. This section proposes
an new-individual-injection scheme to improve the robustnessof the population size adjustment
scheme.

6.1 New Individual Injection Scheme

As mertioned in the previous section, in ADJ the new population is generatedvia the variation
operators|crosso ver and mutation|of DSMGA. While this is a straightforward method, it does
not alleviate the problem of insu cien t BB supply and the lack of diversity in the population.
To circumvent these problems, new individuals needto be introduced into the population at the
right time. One of the most intrinsic way is to intro duce new individuals wheneer the estimated
population sizeis larger than the current population size.

In the previousexample,supposethat n = 1000,ng = 10, and the GA estimatesthe population
sizefor the next generation should be 1000. Then the GA generatesl10 o spring chromosomesby
recombining the 10 parent chromosomesand the generatethe other 990 o spring chromosomeby



random initialization. Howewer, the injection of randomly generatedsolutions into the population,
especially during the later stagesof the GA run hasone sewer drawbad. Due to random initializa-
tion, the averagesolution quality goesdown and the tness variance goesup causingan elongation
of the run duration (Goldberg, 1999b). As shown in Figure 6, wheneer randomly initialized solu-
tions are injected into the population, the proportion of correct BBs in the population is reduced
causinga delay in the corvergence.

0.5

0.4F

0.3f

0.2f

Proportion of correct BBs

1 ; ;
0 0 T 5 T 10

1500 T T

1000+ | J

500+

Estimated population size

0 5 10 15 20
Generation

Figure 6: Onerun of the GA with the intro ducing-new-individual schemeswitched on all the time.
The GA su ers from slow corvergencebecausenew individuals keepjoining. The arrows indicates
that whenewer new individuals joins the population, the number of correct BBs goesdown.

To alleviate the elongation in the run duration and also to ensure adequate supply of BBs,
we should inject randomly initialized solutions into the population during the initial stagesof the
GA run and then create the new solutions only through recombination in the later stages. Using
reconmbination during the later stagesof the GA run not only circumverts the delay in corvergence,
but alsosigni cantly improvesthe exchangeof building blocks and thereby allowing rapid creation of
good quality solutions. One choicefor the switching time can be the generationwhen the estimated
population sizefor the next generationis smaller than the current population size. Intuitiv ely this
reduction in the population size indicates that the GA has su cien t supply of raw BBs and good
decisionmaking can be ensured. Therefore, after the rst time that the estimated population size
is smaller than the current one, we do not inject any new individual into the population.

6.2 Empirical Results

The test function is the samem-k trap with m = 10and k = 3. Two di erent GAs are compared:
(1))DSMGA + population-size-adjustmen, and (2) DSMGA + population-size-adjustmert + new-
individual-injection. For simplicity, we call the rst GA ADJ and the secondADJ+INJECT
The parameter settings are the sameas what usedin the previous section. And again, all results
are averagedout of 30 independert runs.

Figure 7 shows the number of function evaluations that the GAs needto corverge by varying
the initial population size(ng). As shown in the gure, the number of function evaluations needed
for ADJ and ADJ+INJECT are roughly the samefor a wide range of initial population sizeng.
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consumed by DSMGAs with the population and ADJ+INJECT for dierent ny.
adjustment scheme (ADJ) and with popu- ADJ+INJECT is signicantly more ro-
lation adjustment scheme + the injection bust than ADJ. ADJ+INJECT successfully
stheme(ADJ+INJECT). The number of func- corvergesfor a wide rangeof initial population
tion evaluations neededfor both algorithms are sizeng.

roughly the same.

Figure 8 shaws the failure rate of ADJ and ADJ+INJECT. As can be seenin the gure,
ADJ+INJECT is signi cantly more robust than ADJ. Even for ng = 2 (which is ridiculously
small), ADJ+INJECT still convergesto the global optimum 66.7%ofthe time.

Finally, Figure 9 illustrates the population estimation behavior of ADJ+INJECT for dierent
initial population sizeng. Except the the too small initial population sizeng = 10, the behaviors
are similar for dierent ng. At the beginning, the linkage model indicates that more individuals
are needed. Towards the end of GA run, the population losesthe diversity ( tness variance of BB
in the current population is small), and hencenot many individuals are needed. The behavior well
match the up-to-date GA theory, and moreover, the similar of population size estimation behavior
provides a stable number of function evaluations for varying initial population sizes.

7 Conclusion

This paper preseris an online population size adjustment scheme basedon facetwise population-
sizing models. Given the linkage model, we calculate the parametersrequired by population-sizing
models and estimate the population sizefor the next generation accordingto the linkage-learning
population-sizing model (Equation 3). The individuals of the next generation are generatedby a
new-individual-injection scheme. The schemeprovides su cien t BB supply at the beginning of the
GA run evenfor a small initial population size,and concerirate on mixing to ensuregood solution
quality toward the end of the GA run. The proposed method is showvn to have both e ciency
and robustness. With the proposed online population size adjustment scheme, the number of
function ewaluations neededgrows slowly with large initial population size, and the GA has a
higher probability to corvergeseven with a small initial population size.

As for future work, we would like to apply this schemeto other linkage-learning GEAs (e.g.
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eCGA (Harik, 1999)) and test the scalability. We would also like to add an update rule to the
population-sizing stcheme. For example, if the estimated population size is A and the current
population sizeis n¢, the next population sizeis decidedby ni+1 = n¢+ (1 )A. Although the
update rule introduce a new parameter , it might add somevaluesof stability.
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