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Abstract

The hierarchical Bayesian optimization algorithm (hBOA) can solve nearly decomposable
and hierarchical problems scalably and reliably. This paper describes a class @hdom additively
decomposable problemwith and without interactions between the subproblems and tests hBOA
on a large number of random instances of the proposed class of problems. The perfance of
hBOA is compared to that of the simple genetic algorithm with standard crosswer and mutation
operators, the univariate marginal distribution algorithm, and the hill climbing with bit-°ip
mutation. The results con rm that hBOA achieves quadratic or subquadratic performance on
the proposed class of random decomposable problems and that it signi cantly outpéorms all
other methods included in the comparison. The results also show that low-order polynomal
scalability is retained even when only a small percentage of hardest problems are msidered
and that hBOA is a robust algorithm because its performance does not change much agss
the entire spectrum of random problem instances of the same structure. The proposed da of
decomposable problems can be used to test other optimization algorithms that addiss nearly
decomposable problems.

Keywords: Hierarchical BOA, univariate marginal distribution algor ithm, genetic algorithm, hill
climbing, decomposable problems, performance analysis¢alability, optimization.



1 Introduction

There are three important approaches to testing optimization algorithms:

(1) Testing on the boundary of the design envelope using arti el test problems. For example,
concatenated traps (1; 5) represent a class of arti cial tesproblems that can be used to test
whether the optimization algorithm can automatically decompose the problem and exploit the
discovered decomposition e®ectively.

(2) Testing on classes of random problemsFor example, to test algorithms for solving maximum
satis ability (MAXSAT) problems, large sets of random form ulas in conjunctive normal form
can be generated and analyzed (3; 6).

(3) Testing on real-world problems or their approximations. For example, the problem of designing
military antennas can be considered for testing (22).

The primary purpose of this paper is to introduce a class of aditively decomposable problems,
which can be used to test optimization algorithms that address nearly decomposable problems.
There are three goals in the design of the proposed class ofglslems:

(1) Scalability. It should be straightforward to control problem size and dit culty in order to test
scalability.

(2) Known optimum. It should be possible to exciently discover the global optimum of any problem
instance so that it can be veri ed whether the global optimum was found.

(3) Easy generation of random instances. It should be possible to generate a large number of
instances of the proposed class of problems.

The paper then applies several genetic and evolutionary alyrithms to a number of random
instances of the proposed class of problems. Speci callyhé hierarchical Bayesian optimization
algorithm (hBOA) is considered and its performance on the poposed class of test problems is com-
pared to genetic algorithms (GAs) with standard variation and mutation operators, the univariate
marginal distribution algorithm (UMDA), and the stochasti c hill climbing (HC). The results show
that hBOA signi cantly outperforms other algorithms inclu ded in the comparison, and they provide
a number of other interesting insights into both the ditcult y of decomposable problems as well as
the performance of various evolutionary algorithms on theg problems.

The paper starts with a brief description of hBOA and other genetic and evolutionary algo-
rithms considered in this paper in Section 2. Section 3 intraluces the class of random additively
decomposable problems. Section 4 presents and discussepexmental results. Section 5 outlines
important topics for future work. Finally, Section 6 summarizes and concludes the paper.

2 Compared Algorithms

This section describes the genetic and evolutionary algotims included in the experimental section
of this paper. Two estimation of distribution algorithms (E DAs) (15; 20; 13) are outlined rst:
hBOA and UMDA. Next, the simple genetic algorithm and the stochastic hill climbing are brie°y
described. In all cases, candidate solutions are represesdt by xed-length binary strings.



2.1 Hierarchical BOA (hBOA)

The hierarchical Bayesian optimization algorithm (hBOA) ( 18; 19; 17) evolves a population of
candidate solutions. The rst population is usually generaged at random according to a uniform
distribution over all candidate solutions. In each iteration (generation), the population is updated
using two basic operators: (1) selection and (2) variation. The selection operator selects more
copies of better solutions at the expense of the worse onesfn the current population, yielding a
population of promising candidates. In this paper, binary tournament selection without replacement
is used. The variation operator starts by learning a probabilistic model of the selected solutions.
hBOA uses Bayesian networks with local structures (4) to moal promising solutions. The variation
operator then proceeds by sampling the probabilistic modeko generate new candidate solutions.
The new solutions are incorporated into the original populdion using the restricted tournament
replacement (RTR) (11), which ensures that useful diversiy in the population is maintained for long
periods of time. For the window sizew in RTR, we use a rule of thumb that setsw = min f n; N=20g
wheren is the problem size andN is the population size (17). The run is terminated when a good
enough solution has been found, when the population has noimproved for a long time, or when
the number of generations has exceeded a given upper bound.

It was theoretically and empirically shown that hBOA can solve nearly decomposable and
hierarchical problems of bounded ditculty scalably and reiably (17; 21).

To provide a fair comparison, both the genetic algorithm andthe univariate marginal distribu-
tion algorithm share most of the basic procedure with hBOA ard the only di®erence between these
algorithms and hBOA is the variation operator.

2.2 Univariate Marginal Distribution Algorithm (UMDA)

The univariate marginal distribution algorithm (UMDA) (15 ) uses a simple univariate marginal
probabilistic model to model promising solutions and sampé the new ones. Since the probabilistic
model used in UMDA considers each variable independently, MDA fails for many problems where

variables interact strongly (17; 8).

2.3 Genetic Algorithm (GA)

The basic procedure of the genetic algorithm (GA) (12; 7) is snilar to that of hBOA; however,
the variation operator proceeds by applying crossover and mtation to the selected population of
solutions instead of building and sampling a Bayesian netwk. Crossover combines bits and pieces
of promising solutions, whereas mutation perturbs the seleted solutions slightly. Here we use
two standard crossover operators: one-point crossover, wblh exchanges the tails after a randomly
selected position between pairs of selected solutions, anghiform crossover, which exchanges the
bits in each position with probability 50%. To mutate soluti ons, bit-°ip mutation is used, which
°ips each bit of each selected solution with a speci ed probhility pm; pm is usually small so that
only one or a few bits are °ipped on average.

Since standard variation operators of GAs can e®ectively mrcess only low-order partial solu-
tions, standard GAs can only solve problems where variableshat interact strongly are located
tightly in solution strings (23; 8).



2.4 Hill Climbing (HC)

The hill climbing (HC) di®ers from the aforementioned algotithms mainly by the fact that it works

with only one candidate solution instead of a population of @ndidate solutions. HC starts with a
random binary string. In each iteration, the current string is modi ed with a mutation operator. If

the new string outperforms the original string (with respect to the objective function), it replaces
the original string; otherwise, the new string is discarded In this paper, bit-°ip mutation is used

to perturb the solution string in each iteration.

3 Random Additively Decomposable Problems of Bounded Diz-
culty

This section describes the class of random decomposable jptems with and without overlap. Can-
didate solutions are assumed to be represented by binary stigs of xed length, but the proposed
class of problems can be generalized to "xed-length stringsver any nite alphabet in a straight-
forward manner. We also assume that the task is tomaximize the objective function (tness
function).

The section starts by presenting the general form of additiely decomposable problems. Then,
the section discusses separable problems of bounded orderhich represent the simplest variant of
boundedly dixcult additively decomposable problems. Next, interactions between di®erent sub-
problems are introduced by creating an overlap between subpblems. Finally, the section describes
how to generate random instances of the proposed classes afamposable problems with and with-
out overlap.

3.1 Additively Decomposable Problems

The tness function for an n-bit additively decomposable problem can be written as the sm of
subfunctions de ned over subsets of string positions:

wheren is the number of bits in a candidate solution, X; is the variable corresponding to theith bit
of a candidate solution,m is the number of subproblems or subfunctionsf; is the ith subproblem,

Clearly, any tness function can be written in the above form because any problem can be
trivially decomposed into one subproblem containing all the variables. The ditculty of additively
decomposable problems depends on the order of subproblemhie subproblems themselves, and
their interaction through string positions that are contai ned in multiple subproblems. The re-
mainder of this section de nes two subsets of additively deesmposable problems, shows how to
generate random instances of the described classes of dequwsable problems, and outlines an
excient method to solve these problem instances.

3.2 Separable Problems of Order k

A separable problem of orderk consists of m subproblems ofk bits each. There is no overlap
between the subproblems and each bit belongs to exactly onef ahe subproblems; therefore, the
overall number of bits isn = m £ k (see Figure 1a for an illustrative example).
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(a) Separable problem. (b) Decomposable problem (c) Decomposable problem
with 1-bit overlaps (tight with 1-bit overlaps (no tight
linkage). linkage).

Figure 1: Examples of additively decomposable problems wit 4 subproblems of 4 bits each. Each
string position (bit) is displayed as a rectangle and the sting positions corresponding to one
subproblem are Tled with the same color. For problems with overlapping subproblems, the string

positions that are located in more subproblems are split alag the diagonal.

To fully specify a separable problem, the following componets must be speci ed:
2 The number of subproblems,m.

2 The size of the subproblems (order of the problem decomposan), k.

2 The subsets of string positions for all subproblemsS;; Sy;:::; Sm.

2 The subfunctionsf;fo;:::;fm; each subfunction can be specied by a list of ® values, which
de ne the output values for all possible k-bit strings.

For a known problem decomposition speci ed by subset$; to Sy,, any separable problem can
be solved using a simple deterministic algorithm that evaliates all possible combinations ok bits
for each subsetS; (setting all remaining bits to some xed value), and xes the positions in the
corresponding string positions to the values that maximizethe "tness function. This can be done in
0O(2¥m) evaluations of the tness function. Therefore, for separdle problems of bounded dixculty
for which k is xed or upper bounded by a constant, the global optimum canbe obtained in O(n)
evaluations.

If the problem decomposition is unknown, the computationalcomplexity of GAs with standard
crossover operators can grow exponentially fast (23; 8; 17)However, several genetic and evolution-
ary algorithms exist that can automatically identify and ex ploit appropriate problem decomposition
for separable problems (linkage learning); these algoritins can solve separable problems of bounded
ditculty in a quadratic or subquadratic number of tness evaluations (8; 17; 9). Even HC based
on bit-°ip mutation is expected to achieve polynomial performance; however, HC may require as
many as O(n* logn) evaluations to "nd the global optimum of order-k separable problems (14).

3.3 Incorporating Overlap

In separable problems, each subproblem can be considereddependently of the remaining subprob-
lems because the bits in any subproblem do not a®ect the tnescontributions of other subproblems.
However, although many real-world problems can be additive} decomposed into subproblems of
bounded order, many of these problems are much more ditcultlhan separable problems of bounded
order because the subsets corresponding to the di®erent quimblems overlap. For example, both
the problem of nding ground states of Ising spin glasses andnaximum satis ability for 3-CNF
formulas (MAX3SAT) are additively decomposable problems d order 2 or 3, but they both are
NP-complete as a result of complex interactions between the i®erent subproblems (2; 16). This



section describes a straightforward modi cation of separble problems that introduces overlap be-
tween the di®erent subproblems to analyze how overlap a®exthe performance of various genetic
and evolutionary algorithms.

Here the amount of overlap is speci ed by a parameten 2 f 0; 1;:::;kj 1g calledoverlap. Then,
the rst subproblem is de ned in the rst k string positions. The second subproblem is de ned
in the last o positions of the rst subproblem and the next (k j 0) positions. All the remaining
subproblems are assigned string positions analogically,\aays de ning the next subproblem in the
last o positions of the previous subproblem, and the nextkj 0) positions. For example, fork = 3,
o0 =1, and m = 3 subproblems, the rst subproblem is de ned in positions (1;2;3), the second
subproblem is de ned in positions (3 4; 5), and the third subproblem is de ned in positions (5; 6; 7).
Note that each string position is contained in one or two subpoblems and that for m subproblems
with overlap o, the overall number of bitsisn = k+(mj 1)(kj o). Separable problems of order
k are a special case of decomposable problems of orderwith no overlap, that is, o = 0. See
Figure 1b for an illustrative example.

To ensure that the subproblems are not always located in coresjuent string positions, the string
can be reordered according to a randomly generated permutén. See Figure 1c for an example of
a randomly reordered decomposable problem with overlap.

Assuming that the problem is decomposable according to thelaove de nition and that we know
the subsetsS; to Sy, and the subfunctionsf; to f ,, it is possible to solve any problem instance using
a deterministic algorithm based on dynamic programming inO(2Kn) tness evaluations. However,
the algorithm for solving problem instances with non-zero oerlap is somewhat more complicated
than the one for separable problems, because the subprobleninteract and in the general case it is
impossible to set the bits corresponding to any subproblemridependently of any other subproblem.
We discuss a deterministic algorithm for solving this classof problems that can be directly applied
to overlap o - k=2; the presented algorithm can be easily extended to problemwith higher values
of o by grouping consequent subproblems.

The deterministic algorithm for solving decompaosable prollems with overlap iterates through all
subproblems, starting with one of the two subproblems that averlap with only one other subproblem
via o string positions. Each next iteration considers one of the mprocessed subproblems that
interacts with the last processed subproblem viao string positions. For example, consider the
aforementioned problem withn = 7, k = 3, and o = 1, where the subproblems are de ned in
the following subsets of positions: (12;3) for subproblem f 4, (3;4;5) for f,, and (5;6;7) for fs.
The dynamic programming algorithm could consider the subpoblems in either of the following
permutations: (fq1;f2;f3) or (f3;f2;f1).

The dynamic programming algorithm starts by creating a matrix G = (g;j ) of size (mj 1)£
2°, where gy fori 2 f1,2,:::;mj 1gandj 2 f0;1;:::;2°; 1g encodes the maximum tness
contribution of the rst i subproblems according to the considered permutation of sytroblems
under the assumption that the o bits that overlap with the next subproblem (that is, with the
(i + 1)th subproblem) are equal to j using integer representation for theseo bits. For example, for
the above example problem oh = 7 bits and permutation ( f 1;f2; f3), gz2.0 represents the best tness
contribution of f1 and f, (ignoring f 3) under the assumption that the 5th bit is 0; analogically, g2:1
represents the best tness contribution off; and f, under the assumption that the 5th bit is 1.

The algorithm starts by considering all 2¢ instances of thek bits in the “rst subproblem,
and records the best found tness for each combination of vales of the o bits that overlap with
the second subproblem; the resulting values are stored in # rst row of G (elements g for

the last one, starting in the second subproblem, and endingn the (m j 1)th subproblem. For ith



subproblem, all X instances of thek bits in this subproblem are examined. For each instance, the
algorithm “rst looks at the column jOof G that corresponds to the o bits of ith subproblem that
overlap with the previous subproblem. Then, the algorithm computes the tness contribution of
the rst i subproblems assuming that the rst (i j 1) subproblems are set optimally and theith
subproblem is set to the considered instance df bits; this "tness contribution is computed as the
sum of g;; 1;0 and the "tness contribution of the considered instance of tfe ith subproblem. The
values in theith row of G are then computed from the "tness contributions computed asdescribed
above.

In the last step, all 2K instances of the last subproblem are considered and their Tiess con-
tributions are computed analogically to other subproblems using the (m j 1)th row of G and the
“tness contributions of the mth subproblem. The maximum of these values is the best tneswvalue
we can obtain. The values that lead to the optimum "tness can ke found by examining all choices
made when choosing the best combination of bits in each subpblem.

If the decomposition is unknown, overlap can be expected tourther increase problem ditculty
of additively decomposable problems. In other words, it canbe expected that separable problems
will be as ditcult or easier for all algorithms discussed in this paper; this hypothesis is con rmed
by a number of experiments in Section 4. The experiments alsshow that the e®ects of overlap on
evolutionary algorithms based on local operators (HC) are mich stronger than those on evolutionary
algorithms based on recombination (hBOA,GA and UMDA).

3.4 Generating Random Problems

To generate random instances of the class of additively decoposable problems de ned above, the
following parameters must be rst speci ed by the user:

1. Number of subproblems,m.
2. Order of decomposition,k.
3. Overlap, o.

Then, the following parameters are generated randomly:

values to generate.

2. The permutation of string positions to eliminate the assunption of tight linkage (so that the
bits in each subproblem are not always located in consequergositions).

A key issue is what random distributions to use to generate tle subfunctions and random
permutations. In this work, we generate all X values of each subfunction from a uniform distribution
over interval [0;1). The permutation is also generated from a uniform distribution so that each
permutation has the same probability. Of course, other distibutions can be considered for both
the subfunctions and the permutations; for example, the 5 values for each subfunction can be
distributed according to a Gaussian distribution and the permutations can be biased to enforce
loose linkage.

4 Experiments

This section outlines experiments and presents experimeal results. The section starts with a
description of test problems and experiments. Then, the reglts of all experiments are presented.
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4.1 Test Problems

We performed experiments on a number of random instances ofdditively decomposable problems
with and without overlap that were generated as described abve. All problems were solved using
the presented deterministic algorithm so that we could enste that all algorithms would nd the
actual global optimum. However, no algorithms were providel any information about the global
optimum, the locations of the di®erent subproblems, the orér of decompaosition, or the overlap.

All problems tested in this paper have the same order of submblems, k = 4. Three values of
the overlap parameter were considered, speci callyp =0, 0= 1, and o= 2. To examine scalability
of tested algorithms, problems of various size were examikefor every value of o, where the size
of each problem can be expressed in terms of either the ovefatlumber of bits denoted by n or
the number of subproblems denoted bym. For each value ofk, o, and n, 1000 random problem
instances were generated and tested.

4.2 Description of Experiments

Performance of all algorithms is expressed in terms of the nmber of evaluations until the global
optimum has been found because in ditcult real-world problens, tness evaluation is usually
the primary source of computational complexity. Furthermore, in all compared algorithms, the
computational overhead excluding evaluations can be uppebounded by a low-order polynomial of
the number of evaluations (17).

For hBOA, UMDA and GA, for every problem instance the minimum population size to ensure
convergence to the optimum in 10 out of 10 independent runs ifound using the bisection method.
The upper bound on the number of generations for hBOA, UMDA ard GA is set according to
the existing theory for decomposable problems to grow propaionally to the overall number of bits
denoted byn (24); speci cally, the number of generations for hBOA is upper bounded byn whereas
it is upper bounded by 5n for all other algorithms. In GA, common parameter settings are used for
crossover and mutation rates; the probability of applying aossover is set top. = 0:6, whereas the
probability of °ipping each bit in mutation is set to p;, = 1=n. Two standard crossover operators
are used in GA: two-point crossover and uniform crossover.

In HC, the only parameter to be set by the user is the probabilty of °ipping each bit in bit-
°ip mutation. Here we set the mutation rate to the optimum mut ation rate for order-k separable
problems provided in (14) aspm = k=n. The HC is ran 10 times and each run is terminated
when the global optimum is found. The number of evaluations until each run is terminated is then
averaged over the 10 runs.

4.3 Results

Figure 2 compares the performance of hBOA, GA, UMDA, and HC onrandom problems with
0=0,0=1,and 0=2.

Figure 3 visualizes the e®ects of the overlap parametaron the performance of hBOA, GA, and
HC. We omit the results for UMDA because UMDA could solve only smallest problem instances.

Figure 4 shows how the performance of the two best methods (hBA and GA with uniform
crossover) varies across the class of random decomposablelpiems by showing not only the results
for the entire set of 1000 random problems, but also those fothe most ditcult 50%, 25%, 12:5%,
6:25%, and 3125% problem instances (the ditculty is measured by the numier of evaluations until
convergence).
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4.4 Discussion

The results indicate a low-order polynomial growth of the nunber of function evaluations required
by hBOA to solve random instances of the proposed class of pkdems for any value ofo; speci cally,
the number of evaluations can be approximately upper bounde by O(n'®%) for 0 = 0, O(n*?) for
0=1, and O(n%%) for 0 = 2. The low-order polynomial performance can be observed eveif one
considers only the most ditcult problem instances.

On the other hand, the results indicate that GA with standard crossover and mutation operators
requires exponential time because it is not capable of comhing promising solutions e®ectively as
argued in (23; 8) for deceptive problems; the reason for thisehavior is that standard recombination
operators can e®ectively combine only short-order, tight dtemata (12; 7) and this may often be
insuxcient if the short-order, tight schemata do not lead to the optimum. The performance of
hBOA, GA and UMDA gets slightly worse with overlap although all algorithms perform similarly
for di®erent values of overlap.

Mutation by itself is also inexcient and its performance is much worse than the performance
of hBOA even on separable problems where there is no overlaverlap further a®ects mutation,
making this operator work much less exciently even with the overlap of only 0 = 1; the e®ects
of overlap are much stronger for HC than for the recombinatim-based methods hBOA, GA and
UMDA.

5 Future Work

One of the important topics for future work is to examine the in°uence of k on the performance
of hBOA and other evolutionary algorithms. Although existi ng theory can be used to predict the
in°uence of k on the performance of the compared algorithms (8; 10; 17), eeriments should
be completed to con rm these theoretical results. Another bpic for future work is to examine
the distribution of running times for random decomposable poblems with and without overlap.
Studying the distribution of the population size and the number of generations for various settings
of n, k and o can also lead to interesting insights that can allow the degin of robust estimates of
these parameters for real-world applications. It would alsobe interesting to analyze decomposable
problems generated with other distributions than those studied in this paper. Finally, analogical
analyses should be performed on more complex classes of adaily decomposable problems, such
as NK landscapes and maximum satis ability.

6 Summary and Conclusions

This paper presented a class of additively decomposable pbtems with and without overlap, which
can be used to test optimization algorithms that attempt to solve nearly decomposable problems
of bounded dizculty, such as BOA and hBOA. A method for generating random instances of the
proposed class of problems was described and it was shown hdie optimum of these problem
instances can be veri ed exciently.

The paper then applied a number of evolutionary algorithms © random instances of the pro-
posed class of problems; speci cally, the algorithms inclded in the tests were the hierarchical BOA
(hBOA), the genetic algorithm (GA) with standard crossover and mutation operators, the univari-
ate marginal distribution algorithm (UMDA), and the hill cl imbing (HC) with bit-°ip mutation.
The results showed that the best performance is achieved wit hBOA, which can solve all variants
of random decomposable problems with onlyO(n%%2) function evaluations or faster. GA, UMDA
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and HC perform much worse than hBOA, usually requiring the number of evaluations that appears
to grow exponentially fast. The performance of recombinaton-based methods appears to be much
less sensitive to overlap, whereas the performance of mutiain-based methods appears to depend
strongly on the amount of overlap.
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