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Abstract

This paper presents a real-coded estimation distribution algorithm (EDA) inspired to the
extended compact genetic algorithm (ECGA) and the real-coded Bayesian Optimization Algo-
rithm (rBOA). Like ECGA, the proposed algorithm partitions the problem variables into a set of
clusters that are manipulated as independent variables and estimates the population distribution
using marginal product models (MPMs); like rBOA, it employs finite mixtures of models and it
does not use any sort of discretization. Accordingly, the proposed real-coded EDA can be either
viewed as the extension of the ECGA to real-valued domains by means of finite mixture models
or as a simplification of the real-coded BOA to the marginal product models (MPMs). The
results reported here show that the number of evaluations required by the proposed algorithm
scales sub-quadratically with the problem size in additively separable problems.

1 Introduction

Estimation of distribution algorithms (EDAs) [16, 21, 26, 18] replace the traditional variation
operators of genetic algorithms by building and sampling probabilistic models. EDAs have suc-
cessfully solved boundedly-difficult single-level and hierarchal problems, oftentimes requiring only
sub-quadratic number of function evaluations [21]. Despite their demonstrated scalability, most
EDASs operate on binary variables, and their success has not been extensively carried over to other
encodings such as permutation, program and real-codes. Moreover, existing real-coded EDAs are
fairly complex, rendering them intractable for theoretical, analytical, or even semi-empirical anal-
ysis.

In the recent years, several real-coded extensions of the extended compact genetic algorithm
(ECGA) [13] have been developed as a way to provide simple real-coded EDAs [7, 10, 17]. Such
real-coded ECGAs usually combine a discretization algorithm, which is used to map real-values to
discrete symbols, with a probabilistic model based on marginal product models (MPMs). In this
paper, we follow a different approach and propose a native real-coded ECGA that directly works
on the real variables and does not employ any sort of discretization. The proposed algorithm is
inspired to the extended compact genetic algorithm (ECGA) [13] and to the real-coded Bayesian
Optimization Algorithm [1, 2]. Similarly to what done in ECGA [13], the proposed algorithm
works on probability distributions represented by marginal product models (MPMs) and, for this



purpose, it partitions the (real-valued) problem variables into clusters that are then manipulated
as independent variables. However, instead of mapping the real values into discrete symbols and
using the usual MDL to discriminate between candidate models, the proposed method models each
cluster using a joint probability distribution and guides the partitioning process using an MDL
metric for continuous distributions. Similarly to what done in rBOA [1, 2|, the parameters of the
probabilistic model are fitted using several mixtures of models, one for each cluster of variables
identified during the model building step. Accordingly, the proposed real-coded ECGA can be
either viewed as an extension of ECGA to real-valued domains by means of finite mixtures of
models or as a simplification of the real-coded BOA to the case of a probabilistic model based on
marginal product models (MPMs). We performed a scalability analysis an applied the proposed
algorithm to problems taken from the literature, namely the sphere function and the real deceptive
function [1, 2]. The results we present show that the number evaluations required to solve additively
separable problems scales at most sub-quadratically with the problem size.

The paper is organized as follows. At first, we briefly overview related real-coded EDA designs.
In Section 3, we give an outline of the extended compact genetic algorithm followed, in Section 4, by
a brief description of the real-coded BOA. In Section 5, we describe the proposed real-coded ECGA
and then, we discuss the experimental design (Section 6) which we followed for the population-sizing
and scalability analysis we present in section 7.

2 Related Work

We now provide a brief overview of the works that are relevant to this paper; for more references,
we refer the reader to the two recent books [26, 18]. In [31], Pelikan et al. introduced a real-coded
PMBGA working in the continuous domain; they used marginal histograms to model promising
solutions. Both the marginal models used, fixed width and fixed height histograms, performed
fairly well on test functions with no or weak interaction among the variables, but failed to recognize
linkage among variables in functions with a medium level of linkage. An evolution of this approach
is presented in [30] where the focus is on the linkage identification in real-coded GAs. In [30],
the authors applied the SPX operator [15] as recombination operator and tried to identify linkage
information by observing the distribution of the individuals in the population; in particular they
examined the correlation coefficient matrix of parameter values of the individuals in the population.

Pelikan et al. [23, 24] combined the Bayesian Optimization Algorithm for recombination with
evolutionary strategies (ES) for mutation. In [23, 24], a real population is first discretized, then
BOA is applied to recombine individuals in the discrete population and the new population is
mapped back to the real domain so that adaptive mutation from ES can be applied to obtain
the next real population. Three discretization strategies were presented: Fized- Width Histograms,
Fized-Height Histograms and k-Means Clustering. The approach was tested on three functions and
the reported results showed good scalability. Ahn [1] developed a real-coded Bayesian Optimization
Algorithm, rBOA, which constructs the Bayesian factorization graph using finite mixture models.
All the relevant substructures are extracted from the graph and each substructure is fit and sampled
independently.

Chen et al. [7] developed a real-valued version of the ECGA (rECGA) by combining a binary
version of ECGA together with Split-On-Demand (SoD) discretization—an adaptive discretization
technique that takes into account the distribution of the current population in creating discrete
intervals. TECGA was tested on several problems and the accuracy of the computed solutions was
shown. Fossati et al. [10] introduced a simple real-coded ECGA which combines basic discretization
with a y-ary ECGA [29, 9]. Mingiang et al. [17] also proposed another version of real-coded ECGA



in which continuous variables are initially discretized and then clustered together to build the
probabilistic model.

3 Extended Compact Genetic Algorithm (ECGA)

The extended compact genetic algorithm (ECGA) [11, 13] is an estimation of distribution algo-
rithm (EDA) that replaces traditional variation operators of genetic and evolutionary algorithms
by building a probabilistic model of promising solutions and sampling the model to generate new
candidate solutions. ECGA starts with a population of random individuals and repeats the fol-
lowing steps until a stopping criterion is satisfied. First, the fitness of individuals is computed,
selection is applied, and a probabilistic model is learned from the population of selected individu-
als. The probability distribution used in ECGA is a class of probability models known as marginal
product models (MPMs). MPMs partition genes into mutually independent groups and specifies
marginal probabilities for each linkage group. To distinguish between better model instances from
worse ones, ECGA uses a minimum description length (MDL) metric [27]. The key concept behind
MDL models is that all things being equal, simpler models are better than more complex ones.
The MDL metric used in ECGA is a sum of two components: model complezity, which quantifies
the model representation size in terms of number of bits required to store all the marginal prob-
abilities, and compressed population complexity, which quantifies the data compression in terms
of the entropy of the marginal distribution over all partitions. In ECGA, both the structure and
the parameters of the model are searched and optimized to best fit the data. While the probabil-
ities are learned based on the variable instantiations in the population of selected individuals, a
greedy-search heuristic is used to find an optimal or near-optimal probabilistic model. The search
method starts by treating each decision variable as independent and then it continues by merging
two partitions that yields greatest improvement in the model-metric score. The subset merges are
continued until no more improvement in the metric value is possible. The probabilistic model is
then sampled to create an offspring population which is combined with the original population to
generate the next population.

4 Real-Coded BOA

The real-coded BOA has been been developed by Ahn et al. [4, 2] as an extension of Pelikan’s
BOA [26] to real-valued domains. rBOA constructs a Bayesian factorization graph using finite
mixture models and it does not apply any sort of discretization. The real-coded BOA works as
a typical EDA. It starts from an initial population of random individuals and then it applies the
following steps until a stopping criterion is met. First, selection is applied to the current population
and generates a new population containing most promising individuals. Then, a model building is
applied to learn a probabilistic model of the population of selected individuals. Next, the model
is sampled to generate a new population which is used together with the original population to
generate the new population which will replace the original one. These four steps, selection, model
building and sampling, and replacement are repeated until a termination criterion is satisfied.

To learn the probabilistic model M ((,0), with structure ¢ and parameters 6, for the current
population TBOA first applies k-means [14] to partition the population into a set of ks clusters.
Then, it applies an incremental greedy search, guided by the Bayesian Information Criterion, to
find for the best Bayesian factorization graph that can model all the k4 clusters. Then, model fitting
is performed and for this purpose another clustering algorithm, the randomized leader algorithm
(RLA) [14], is applied to extract the k¢ substructures that are then separately fitted using different



Algorithm 1 Pseudo-code of the real-coded ECGA.

1: procedure RECGA

2 var t; > Time step
3: var P(.); > Population at time ¢
4 var (; > Structure of the probabilistic model
5 var O; > Parameters of the probabilistic model
6: t«— 0;

7: RandomlInit(P(t));

8: repeat

9: EvaluateFitness(P(t));

10: Pye; «— Selection(P(t));

11: ¢ < ComputeModelStructure(Ps(t));

12: O — ComputeModelParameters(Ps,();

13: Pyopm — Sample(M (¢, O¢)); > Sample the model
14: Prew — Replacement(P(t),Psam);

15: P(t+1) « Ppew;

16: t—t+1;

17: until StopCriterionNotMet
18: end procedure

mixtures of models. All the k; mixtures are then combined together in an overall probabilistic
model which is finally sampled to generate a new population. The sampled population and the
original population are then combined to produce the next population.

5 Real-Coded ECGA

Our real-coded ECGA is largely inspired to the real-valued Bayesian Optimization Algorithm
(rBOA) [4, 2] and to the y-ary Extended Compact Genetic Algorithm (x-ECGA) [9]. Like rBOA,
our real-coded ECGA use clustering and joint normal distributions to build and sample probabilis-
tic models defined over the real domain, thus is does not employ any sort of discretization as other
versions of real-coded ECGA [8, 10, 6]. Like x-ECGA [9], it uses marginal product models (MPMs)
to partition variables into mutually independent groups and specifies marginal probabilities for
each linkage group.

The algorithm is structured as the typical EDA for real-valued domains, see Algorithm 1. At
first, the population is randomly initialized (line 7) using a uniform distribution. Then the following
steps are repeated until a stop criterion is verified (line 17). The fitness of individuals in the current
population P(t) is computed (line 9) and selection is applied to P(t) which generates Pj;. Several
selection strategies can be used, in this works we tested two of them, tournament selection, which
has been used both in BOA [22] and yYECGA [9], and truncation selection used in rBOA [4, 2].
Next, the structure ¢ of the probabilistic model that best represent the selected population P
is computed (line 11) and from the structure ¢ and the population P the parameter vector © is
computed. Then the probabilistic model M ({,®), with structure ¢ and parameters O, is sampled
to generate the sampled population Ps,y, (line 13). At the end, restricted tournament replacement
(RTR) [20, 12] is applied to the original population P(t) and to the sampled population Psgy, to
generate the new population Py, (line 14) which will replace the original one (line 15).



5.1 The Probabilistic Model

Our approach is characterized by a probabilistic model M (¢, ©.) described by the structure ¢ and
the parameter set ©¢. The former describes the relations among the problem variables as in the
typical ECGA, that is,

¢=1{S1,..-, S/}

where S; is a subset of |S;| genes, and |(| is the number of subsets. The parameter set O contains
the parameters of the |(| joint normal distributions which model the distribution for each variable
subset S;. Since the subsets are independent, M (¢, ©) is computed as,

q
M(¢,0) =[] f(S;,9;)

j=1

where f(S;,7;) is the joint normal distribution for the variables in the subset S; whose parameters
¥; are defined by an array of means (one for each variable) and a covariance matrix; overall, ¥;
contains 1[S;|?+ 3|S;| parameters; the model parameter set ©¢ denotes the set of all the parameter
vectors ;.

5.2 Model Selection

The goal of this step is to find the model structure  that better fits the current population. The
search procedure is based on the same greedy-search heuristic used in ECGA [11, 13]. Initially,
the decision variables are considered independent and, in the next steps, the search continues by
merging two partitions that yields greatest improvement in the model-metric score. The subset
merges are continued until no more improvement in the metric value is possible.

5.2.1 Model Scoring

The evaluation of a model structure is based on the same MDL principle used in ECGA, which
takes into account the accuracy of the model and its complexity. The score of a model represented
by f(¢,0¢) is computed as,

Accuracy(f(¢,0¢)) + Complexity(f(¢,0¢))

As done in rBOA [1, 2|, we evaluate the accuracy of f((,©¢) using a mixture of k£, models that are
obtained by clustering the selected population into ks clusters and applying the same structure ¢ to
model each cluster. This step is performed, as in rBOA [1, 2], by applying the k-means algorithm
with the Euclidean distance as the similarity measure among individuals. The model f(¢,©¢) is

thus computed as,
ks I<]

C,@g ZOZZHmeﬁ;
=1 7=1
where, k is the number of models used in the mixture, «; is the relative weight of cluster k; with
respect to the entire population, a; = |k;|/|Pser|, and ¥ represents the parameters of the joint
normal distribution which describes the variables in S; for the individuals in cluster k;.

Model complexity takes into account the number of parameters |O| computed as the sum of
the parameters of each MPM model for each one of the k clusters. However, since all the MPMs
have the same structure ¢, each component has the same number of parameters. More precisely,



Algorithm 2 Estimation of the Model Parameters.
1. procedure COMPUTEMODELPARAMETERS(Ps;,()

2: var © = {}; > The set of model parameters is initially empty.

3: for S; € ( do > For each variable subset in the structure ¢
> Apply clustering on P, using the variables in §;.

4: (k... kJCJ) — Clustering(Pse;,S;);

5: for (i=1; i< Cj; i++) do

6: ué — ComputeAverages(Psel,Sj,k;-);

T: Ei — ComputeCovarianceMatriX(Psel,Sj,k;-);

8: @ —Ouu;u ZZ

9: end for

10: end for

11: return O;

12: end procedure

each MPM is a product of ¢ marginal distributions on independent subsets. Thus, each distribution
(S5, 193) linked to subset S; and the cluster k;, being a joint normal distribution on the variables
in S, needs %]SJP + %\Sjl parameters. The overall model complexity is therefore computed as,

I<|
1
Complexity(f(¢,0¢)) = A x In(|PopSel|) x K x Z (2\Sj|2 + 2]Sj> (1)
j=1

where the parameter A\ determines how much the model complexity influences its evaluation, like
in rBOA [1].

5.3 Model Fitting

Given the model structure ¢, the model parameters © are computed for each subset S; separately.
To improve the overall model accuracy, each marginal distribution for S; is represented as a mix-
ture of distributions that are obtained through a clustering step. As in the initial clustering, the
similarity measure among individuals is measured using the Euclidean distance. However, instead
of using a fixed number ks of clusters, as in rBOA [1], we apply an adaptive clustering algorithm,
namely the BEND random leader algorithm (RLA) [5, 14] with the same threshold used in [1].
Given, the subset S, to compute the model parameters clustering is applied to extract C; clusters.
For each cluster, the parameters of the joint normal distribution f (S],ﬁé) are computed. All the
distributions are then mixed to build the overall model as follows,

i<l Cj
M(¢.00) = [T Y 5isf (55 9)) (2)
Jj=1j=1
where (' is the number of clusters extracted for the data identified by the variable subset S;; 3; ;
is the weight of the i-th cluster of the j-th subset with respect to the whole population and it
is computed as the ratio between the cluster size \k:;| and the population size. The procedure is
reported as Algorithm 2.

5.4 Model Sampling

The model M ((,©O¢) is finally sampled to generate a new population. This step is perfomed as in
the typical ECGA and y-ECGA, but in our case separate joint normal distributions are sampled.



The generation of a new individual from the model M (¢, ©¢) works as follows. At first, for every
subset S;, one of the model components f (Sj,ﬁé) is selected with a probability proportional to
their weight ; ; (Equaton 2). Then, as in ECGA, each selected component is sampled and the
new individual is generated by merging the different components corresponding to each one of the
subsets that describe the model structure (.

6 Design of Experiments

We performed a scalability analysis of our simple real-coded ECGA using a problem that does not
require linkage learning and a deceptive problem that needs linkage learning, both taken from the
literature [1, 2, 25]. The former is the sphere function function (Figure 1),

where n is the number of variables and z; € [0, 1], the latter is the real deceptive function frqp [1, 2],

m—1

frap(®) =D frrap (%25, T2i41)
i=0

where z; € [0, 1], m is the number of subproblems (m = n/2), and fyqp(-,-) is the two-dimensional
trap (Figure 2),
1 if Lj,Tit1 Z 0.8

ftrap ($],$]+1) = 2422 .
0.8 — 4/ L= otherwise

3)

6.1 Design of Experiments

The analysis was performed by applying the typical bisection procedure used in [28, 21] to de-
termine the smallest population size and the smallest number of evaluations which guarantee the
convergence to the optimum. The procedure is illustrated in Algorithm 3. Given a problem with n
variables, the minimum population size PopMin, and the maximum population size PopMaz, the
following bisection procedure is run NoBis times. Initially, the lower and upper bounds for the
population size, PopLow and PopUp, are set to PopMin and PopMazx respectively; then the pop-
ulation size PopSize is randomly initialized between PopLow and PopUp. The real-coded ECGA
is applied NoRuns times with a population size of PopSize individuals and the percentage of of
individuals which converged in each run is measured. If more than the 99% of the population con-
sists of optimal individuals the run is successful and the variable NoSuccess is incremented. When
the NoRuns runs are completed, the number of converged runs, noSuccess, is checked: if at most
one run did not converged, it is assumed that the real-coded ECGA can solve the problem with
PopSize individuals and therefore the upper bound for the population size is decreased (line 20);
otherwise, the lower bound for the population size is increased (line 22); then, the new population
size is computed and the real-coded ECGA is run again NoRuns times. This process stops when
the interval between the lower and upper bound for the population size is small enough (line 11).
At the end of all the NoBis bisection runs, we determine the smallest population size for which the
optimum is reached as, ’

ZZJX?BZS PopSize [i]

BestPop = NoBi
oBis




Note that, this value can be reached only if it is contained in the interval [PopMin, PopMazx]. In
the experiments performed for this work, we run ten bisections, NoBis was 10, and for each value

of PopSize we run the real-coded ECGA 30 times.

Algorithm 3 Pseudo-code for the bisection procedure.

1: procedure BISECTION(numBisection)
2 var NoBis; > number of bisections
3: var NoRuns; > number of test runs for each interval
4: var PopSize; > current population size
5 var PopMin,PopMaz; > min and max population size
6 var PopLow, PopUp; > lower and upper bounds for binary search
7 for NoBis times do
8: PopLow := PopMin;
9: PopUp .= PopMax;
10: PopSize := random(PopLow,PopUp); > Random population
> size between PopLow and PopUp
> Bisection continues while interval is large enough
11: while ( (PopMax - PopMin) > 0.1xPopMin) do
12: NoSuccess = 0; > number of successful runs
13: for NoRuns times do
14: var pci; > percetage of optimal individuals in the population
15: pci = rECGA (PopSize); > run RECGA
16: if pci>0.99 then > 99% of individuals are optimal, success! NoSuccess :
NoSuccess + 1;
17: end if
18: end for
19: if NoSuccess>NoRuns-1 then > at most one failed
20: PopUp := PopSize > population bound is decreased
21: else
22: PopLow := PopSize > population bound is increased
23: end if
24: PopSize := (PopUp + PopLow)/2;
25: end while
26: print PopSize, the convergence time, and the number of evaluations
27: end for
28: end procedure
7 Experimental Results

We performed two sets of experiments to analyze how our rECGA scales up in a problem which
does not require any linkage and in a problem which requires linkage, but also to study how the type
of clustering algorithm applied during model selection and model fitting influences the scalability.



7.1 Experiments with the Sphere Function

At first, we applied our real-coded ECGA to the sphere function which does not require any linkage
learning and therefore it can be solved by a simple greedy search. The optimum is in the axes
origin and, for bisection purposes, we considered that an individual of size n is converged when all
the n variables are comprised between —107> and 107°. We applied our rECGA with the same
settings used for the real-coded BOA by Ahn in [1]: during the model selection the k-means is
applied with one cluster (ks = 1) so that the population is modeled using only one joint normal
distribution; during the model fitting, the RLA algorithm is applied with an upper bound of 100
clusters, i.e., kf = 100. Figure 3 reports (a) the number of evaluations and (b) the population
size as functions of the problem size for our rECGA when the probabilistic model is enabled (solid
dots) and when the probabilistic model is disabled (empty dots), i.e., when all the variables are
considered independent. When we fit the data in Figure 3a with a polynomial we find that when the
probabilistic model is used the number of fitness evaluations (Figure 3a) grows sub-quadratically
as O(n'™) while, when all the variables are considered independent (similar to what done by
UMDA [19]), the number of function evaluations grows almost linearly, more precisely as O(n'1).
The population size (Figure 3b) required grows sub-quadratically, as O(n'*), when the probabilistic
model is enabled (solid dots), while when all the variables are modeled independently the population
size grows with the square root of n (empty dots).

Model Selection. As in [1], the first step of model selection in our rECGA involves the clustering
of the population aimed at identifying k subproblems that are then modeled using k joint distri-
butions based on the same underlying structure. In the experiments reported in [1], the number
of clusters is usually one therefore only one distribution is used to model the entire population.
However, a higher number of clusters (i.e., a higher number of distributions) should improve the
model selection, accordingly, we performed another set of experiments aimed at studying how the
clustering algorithm used in the model selection step influences the scalability of our algorithm. For
this purpose, we applied our rECGA to the sphere function when the model selection is performed
using k-means with 1, 5, and 10 clusters (i.e., ks € {1,5,10}) or using the adaptive clustering (RLA)
which in rBOA is employed for model fitting [1]. Figure 4a compares the number of evaluations as
a function of the problem size for the different versions of our rECGA. When more distributions
are used to model the initial population, when k, increases, the number of evaluations decreases,
from O(n%™) to O(n’®).The problem is very simple and the best improvement is obtained with
just five clusters (ks = 5). Population size follows a similar behavior (Figure 4b).

Model Fitting. The number of clusters used during model fitting influences the accuracy of
the approximation used to sample the target distribution. A higher number of clusters means
that the distribution is approximated using more joint distributions and therefore it should be
more accurate. However, if the population is small or the number of distributions is excessive
the obtained approximation might be misleading. In rBOA [1], the model fitting step applies the
adaptive RLA clustering algorithm to find the number of joint distributions which can provide an
accurate approximation. In the last set of experiments with the sphere function, we investigated
how the choice of the clustering algorithm used for model fitting influences the scalability of our real-
coded ECGA. Figure 5a compares the number of evaluations for different versions of our rECGA
in which model selection is based on a single cluster (ks=1) and the model fitting is performed
using a k-means with 1, 5, and 10 clusters (k; € {1,5,10}) or the same adaptive clustering (RLA)
used in rBOA [1]. The sphere function is simple since all the variables can converge to same value
independently, therefore we should expect no major advantage for using more clusters for model
fitting. The results in Figure 5 confirm this in that the best scalability is obtained when only one



cluster is used both for model selection and model fitting. As we should expect in such a simple
problem, when the number of clusters used for model fitting increases, the number of evaluations
increases. Noticeably, an adaptive clustering like RLA seems to provide a good trade-off between
the different k-mean settings, although it tends to grow with an order that is slightly higher than
the one provided by simple k-mean.

Selection and Fitting using Adaptive Clustering. Finally, we applied a version of our rECGA
in which adaptive clustering, namely the RLA algorithm used in rBOA [1] only for model fitting,
is applied both during model selection and model fitting. Figure 6 compares three versions of our
rECGA: one without the probabilistic model (empty dots), one with the same clustering strategy
used in rBOA [1], that is, model selection is based on one cluster, model fitting is based on the
adaptive RLA clustering, while the last one is fully adaptive in that RLA is used both during
model selection and model fitting. As can be noted, the fully adaptive version requires slightly
more evaluations and slightly larger populations than the version with no probabilistic modeling.
However, the two versions scale similarly in that the number of evaluations grows as O(n!!) in
both cases.

7.2 Experiments with the Real Deceptive Function

We repeated the same set of experiments using the real deceptive function (RDP) [1, 2] which
requires linkage. Figure 7 compares (i) our real-coded ECGA with the same clustering strategies
used in the real-coded BOA in [1], and (ii) a version of the same algorithm without probabilistic
model building. As it should be expected, without linkage learning only problems of limited size
can be solved while, when the probabilistic model is used, the number of function evaluations and
the population size both grow sub-quadratically, respectively as O(n!") (Figure 7a) and O(n!*)
(Figure 7b). In Figure 8, we report the percentage of converged building block for an RDP with
50 variables. When we compare our results on the RDP function with the ones available for
rBOA in [1], we note that our real-coded ECGA requires slightly larger populations but it appears
to require fewer generations to converge, while overall, the two methods scale up similarly [3].
Figure 9 compares three versions of our rECGA in which the model selection is based on a k-
mean with 1, 5, and 10 clusters (ks € {1,5,10}). In this case a higher number of clusters during
model selection does not improve the overall performance both in terms of number evaluations
nor in terms of population size. The building blocks are rather small in that they involve only
two variables, therefore the influence of the initial clustering appears to be limited. Figure 10
compares three versions of our rECGA in which the model fitting is based on a k-mean with 1,
20, and 40 clusters (ky € {1,20,40}) with the version using the clustering strategy of rBOA. One
cluster for model fitting is insufficient to reach good scalability and around 20 clusters are required
to reach a performance similar to the one obtained with the usual clustering strategy. As in the
previous case, the further increase of the number of clusters involve has no effect on the scalability.
Finally, Figure 11 compares the version of our rECGA without the probabilistic model, with the
probabilistic model based on the clustering strategy used in rBOA [1], and with fully adaptive
clustering. Again, the choice of the clustering for model selection and model fitting does not show
a relevant effect which basically explains the choice of Ahn in [1] where the same clustering strategy
is always employed.

7.3 Discussion

The scalability analysis we performed shows that our real-coded ECGA scales up well on the two
simple problems we considered. The analysis also shows that the choice of the clustering algorithm
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used for model selection and model fitting may have some effect but it is most likely to be problem
dependent and needs further investigations. Interestingly, a fully adaptive strategy, which applies
adaptive clustering both for model selection and fitting, seems to provide a good trade-off and
it actually scales up as the best configuration in both problems. Accordingly, it would also be
interesting, and it will be a matter of future work, to investigate a fully adaptive version of Ahn’s
real-coded BOA [1].

8 Summary

In this paper, we have presented a real-coded estimation distribution algorithm inspired to ECGA
and to the real-coded Bayesian Optimization Algorithm. Our algorithm, like ECGA [13], partitions
the real-valued variables into clusters, that are manipulated as independent variables, and works
on probability distributions represented by marginal product models (MPMs). However, instead
of mapping the real values into discrete symbols, as other real-coded ECGA do [7, 10, 17|, the
proposed method models each cluster using a joint probability distribution and use MDL applied
to continuous distribution to decide between candidate models. Similarly to rBOA [1, 2], our
algorithm estimates the model parameters using several mixtures of models, one for each cluster
of variables identified during the model building step. Overall, our real-coded ECGA can be either
viewed as an extension of ECGA for real domains based on mixtures of models or, alternatively,
as a simplification of the real-coded BOA to the case of a probabilistic model based on marginal
product models (MPMs). The results for the scalability analysis we performed show that the
number of evaluations required by our algorithm, to solve additively separable problems, scales up
sub-quadratically with the problem size.
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Figure 1: The sphere function of two variables.

Figure 2: Bidimensional basis function for the real trap deceptive function.
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Figure 3: Real-Coded ECGA applied to the sphere function: (a) number of evaluations and (b)
population size as a function of the problem size. Clustering parameters are set as in rBOA [1]:
model selection applies k-means with one cluster (ks=1) and model fitting applies RLA clustering
with at most 100 clusters.



—_
o
®»

»
Z :
©) |
<
D 105 - B
— ;
< |
= |
L :
L
@) A
S ks=1 "
D kS=5 °
Z Ke=10 4
103 . . | NO MQDEL 0
0 10 20 30 40 50
PRO(B)LEM SIZE
105 T T T T |
» 10* ¢ ]
zZ
o
l_
<
5
o 3 L ‘ i
o 10 | ]
o kS=1 n
ks=5 °
ks=10 A
102 | | | NO MQDEL 0
0 10 20 30 40 50
PROBLEM SIZE
(b)

Figure 4: Our real-coded ECGA applied to the sphere function using different clustering algorithms
for model selection: (a) number of evaluations and (b) population size as a function of the problem
size.
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Figure 6: Our real-coded ECGA applied to the spBere function using the model selection and fitting
strategies of rBOA [1] and a fully adaptive strategy: (a) number of evaluations and (b) population
size as a function of the problem size.



C£ 109 - ' E
5
0 -
<>‘: 10" ¢ o E
LLl
50t -
0 5
go0°r 7 :
% L B : : : : ]
z 1000 a7 k=t m
e NO MODEL O
1 03 : 1 1 | 1 1
0 10 20 30 40 50
PRO(I?LEM SIZE
1 08 T T T T l
& 10° | ; -
yrd i
S
<10
3 n
a 10% ¢ -
&
ke=1
; NO MODEL o

0 10 20 30 40 50

PROBLEM SIZE
(b)

Figure 7: Our real-coded ECGA applied to thelfeal deceptive function using the model selection
and fitting strategies of rBOA [1] (solid dots) and no probabilistic model (empty dots): (a) number
of evaluations and (b) population size.
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Figure 9: Our real-coded ECGA applied to the2teal deceptive function using different clustering
algorithms for model selection: (a) number of evaluations and (b) population size.
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Figure 11: Our real-coded ECGA applied to th&3eal deceptive function using the model selection
and fitting strategies of rBOA [1] and a fully adaptive strategy: (a) number of evaluations and (b)
population size.



